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Spin Glasses with Long-Range Interaction
at High Temperatures
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We study the Ising and N-vector spin glasses with exchange couplings
J=(J;; i, je Z9), which are independent random variables with EJ;=0 and
EJ;<y™n! |i—jl =", for ne N, some finite constant y >0, and x> 4. For suf-
ficiently small 8, we show that for E-a.a. J there is a weakly unique, extremal,
infinite-volume Gibbs measure y, , for which the expectation of a single (com-
ponent of) spin vanishes and which has the cluster property in L,(E) with the
same decay as interaction. This work is based on results and methods of
Frohlich and Zegarlinski.

KEY WORDS: Spin glasses; long-range interaction; high-temperature
region; upper expansion method.

In this note we describe some recent results on spin glasses with arbitrary
(admissible) long-range interactions on the lattice I'=Z“ These results
have been obtained in Refs. 1 and 2 or are proven with the use of the
general methods developed there. First we present a model considered by
us and extend a result from Ref.3 about the existence of the thermo-
dynamic limit for pressure. (A simple proof is given in Appendix A.) Then
we discuss the Gibbs structure for the theory of spin glasses with long-
range interactions. In particular we consider the problem of constructing
the family of local specifications, the relation between strong and weak uni-
queness, and the problem of verifying whether an infinite-volume measure
satisfies a corresponding DLR equation.

The first main result—existence, weak uniqueness, and extremality of
Gibbs measures in the high temperature reqion—is presented in
Proposition 1. To give an idea of our upper expansion method we
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sketch—following Refs. 1 and 2—the proofs of weak uniqueness and
existence of the infinite-volume measures. Additionally, we give here a
general (independent of temperature) method of verifying if the infinite-
volume measures satisfy the DLR equation, i.e., if they are Gibbs measures.
Using an expansion analogous to one in Ref 2, we prove also the
extremality of our Gibbs measures at high temperatures.

Then we present results concerning the clustering; see Corollary 1 and
Proposition 2.

Finally we show (see Appendix C) that our upper expansion method
can be applied also to nonrandom systems.

The system we consider is defined by a Hamiltonian function

H(o,J):= — . Z Jy0;-0; (1)

ijeri#j

c=(0,eSyu {0}, iel); for N=1 we assume Sy={—1, +1}. The
couplings J= (J,;€R, i, je I') are independent random variables subjected
to the following conditions, for any i, je I

{Ci) The mean-zero condition
EJ;=0

(Cii) The factorial growth condition
[EJ3 < y'ntli— ji " neN

where E is an expectation value, o> %, and y is a positive constant.

A finite-volume pressure for H is defined by

1
palJ) = |*A—|1D poe P (2)

with a product probability measure p, on a configuration space of spins
Q=((Syvu {0}),2) with the o-algebra generated by the product
topology,

H,=H(o,=0,ie A°) and >0

Assuming (C) and translation invariance of E, then the existence and
independence of J, E-a.e., of the infinite-volume pressure

pi=1lim pu(J) 3)
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have been proven®® (% ={4,el},. is an increasing Fisher sequence
of bounded sets invading I'). In fact, for this a weaker condition is
sufficient with n <4 in (Cii) (see Appendix A)

Let us now define the finite-volume measures. For any ¢ € 2 and any
iel”

(Z J ;6 ]> <C<ow, E-ae (4)

jerl”

Hence, the finite-volume measures

tole ™)

, AeF 5
foale =) )

#Z,JEHZ(‘) =0,
(where 0, is the point measure, u,, is the restriction of y, to the spins in 4,

Z all bounded sets in I') are well defined E-a.e. on any countable union &
of sets of the form

) {or0,=6,,ied} (6)
AeF
Moreover, for any J from a set of E-measure 1 a family
& = {no.,: cef, AcF} forms a local specification. Unfortunately, this
specification is too poor for us. For example, if N=1 (an Ising spin glass),
then & is a countable set. But the existence of the thermodynamic limit for
the pressure suggests that the infinite-volume measure for H

py=lim p, , =lm pg5° (7)
Fo Fo
exists and should be continuous, so @ would be of measure zero for .

We can of course define an extended specification &, by enlarging the
domain of &, to the set

Q,: —{O’EQ VzeF(ZJ,j j> <oo} (8)

If o> 1 in (Cii), then Q,=Q, but for L <a <1 we shall verify whether Q,
contains a set of measure 1 for some continuous probability measure p.

It is shown in Appendix B that for all J from a set of E-measure 1 and
for any probability measure u such that

<Z J,-j,uaj>2<oo (9a)

Vijel (i#]) |mo, o)l <Cli—j~%, — a>2(1—a)  (9b)
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we have
u,=1 (10)

[Obviously the set of continuous probability measures satisfying (9a), (9b)
is nonempty.| Note that (9) implies (10) for a fixed set of £ measure 1.
[Given a probability measure v on (£, 2') one can always find a set J, of
E-measure 1 such that for any Jed,, (¥;J,0,)> <o, v-ae.] As we will
explain in Proposition 2 (see also Refs. 1 and 2), one may expect that the
infinite-volume measure for H has at most the cluster property with the
same decay as interaction. From this, using (9b), we get

d=a=0>

Wi

We expect that this fact will have some important consequences.
Given a local specification &, = {u% ,;0€Q,, AecF | we define a
Gibbs measure p, for this specification by the DLR equation

pApG (F)) = w,F)

[for any bounded measurable function F on (€2, 2')]. The set of all Gibbs
measures for &, is denoted by %(4£,) and the set of its extremal points {pure
Gibbs states) by 0%4(&)).

Suppose that for any J from a set J, E(J)=1, the set %(&;) is non-
empty. [Then also the set of its extremal points 0%(&;) is nonempty; see
Ref. 12.] We say that the measures u, € %(&,) are weakly unique if for any
probability measure v on (£, X)

lim pf ;= p,, v-a.e. (11)
Fo 7

on a set J, of E-measure one.

It was argued in Ref. 10 that this notion of uniqueness is sufficient for
physics, since the boundary conditions & should be considered as part of
the experimental setup and so are independent of J. We say that the
measures u,€ %(&,) are (strongly) unique if

#4(&)=1 (12)

for any JeJ, E(J)=1.

One may ask what the relation is between these two notions of
uniqueness on the set J, N J.

By definition of specifications &, we have that there is a set 2, < Q of
v-measure 1 such that

Vied,nd, Q,cQ, (13)
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In general, however, we can have

1s(2,)=0 (14)

so weak uniqueness does not necessarily imply extremality of x,. On the
other hand, the strongly unique Gibbs measure is of course weakly unique
and necessarily extremal. (We expect that for <o the weak uniqueness
at high temperatures implies the strong one.) For x>1 the existence
and weak uniqueness problems for spin glasses (as well as the clustering
properties of Gibbs measures) have been studied in Refs. 5-11 (see also
the references cited therein). At high temperatures one also has strong
uniqueness for this case of a values.

The general case o> 1 in the high-temperature region has been solved
in Refs. 1 and 2. The following proposition is essentially contained there.
(Additionally, we verify here that the infinite-volume measures satisfy the
corresponding DLR equations and are extremal Gibbs measures.)

Proposition 1. If E satisfies condition (C) with x> 1, then for all
0 < B < B, with B, >0 sufficiently small, the limits

py=Hmp,, (15)
#0

exist and are weakly unique, extremal Gibbs measures for &, (respectively),
E-ae.

To give an idea of the proof, let as consider an Ising spin glass and
assume that p, and E are symmetric (for the general case see Ref. 2). We
start from the weak uniqueness problem. Let v be a probability measure on
(Q, 2).

It is sufficient to show that

lim Ev(pf0,4—p404)*=0 (16)
Fo

for any Ae #, where 6,=1];.,0, and we have omitted the integration
variables J in the notation of finite-volume measures. For notational
simplicity we will take v=4J;, since in the general case the proof goes
analogously.

A spin g,, i€ A4, feels the external conditions 6 e Q:

1. Directly, through the interaction by the couplings {J g JEA L

2. Indirectly, through the interaction with other spins ¢,, /€ 4, which
interact with the external configuration & € Q.
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To begin, we separate and estimate the influence on expectation of the
function

L= (u50,—140,4)° (17)
due to the direct interaction of o;, i€ 4, with spins outside 4.

By Taylor expansion with remainder of 7, with respect to some
coupling J;, je A, we get

El = Ely,—o+ BES; 0414, o

ijs

1 Sif
+BE JO ds; L ds;; J;, 8§jIA/5;_j_ {18)
where we defined interpolating 1, as in (17) but with s,J;, s;€[0,1],
instead of J;, and d;=d/dBJ;s;. From the mean-zero condition (Ci) the
second term on the rhs of (18) vanishes.
Next we expand El,, _, with respect to another Jy, j e
Successive application of this procedure gives us
1 Sif
1HA=EIAKMJ+ﬁ2§jEj &bj dsl, J2. 321 (%) (19)
0 ¢ ’

gy
je A€
where we denoted the following conditions:

Kie=1{s,=0 VjeA}

(20)
C= {50 1<J; sy}
for a lexicographic order < in I
Since (by our assumption about the values of single spin)
051 4(%) <20 (21)
so using condition (Cii), we get
EL < EL(Kyye)+ 20877 Y |i—jl > (22)

je A

If a>4, the series on the rhs of (22) converges and is of order
d(i, 04)~ =~ D4,

Now we need to estimate the first term from the rhs of (22), in which
the spin o, depends on external conditions only indirectly. Expanding
successively the integrand 7,(X,,.) into Taylor series with remainder with
respect to J,, ke A\{i}, we get , "

EL(K, )= EL(K)+ B 5 li—kl ™ E | ds [ dsie
keA\{i}

x 05 4(%y) (23)

where € = {5, =0, le A° or I<k; s}
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The first term on the rhs of (23) vanishes if p, is symmetric (otherwise
it depends only on expectations of ¢ ,,, and can be treated analogously
starting now from some i’ € A\{). The key role in our estimations is played
by the following inequality:

03T SCU4+ 140 ey + L iiny) (24)
with a constant C > 0 independent of any parameter of our model. This is a
purely algebraic inequality.

Using (22)-(24), we get the bound

EL,<20p%* Y li—jl

je A
1 Sik
FCF Y E[ dsy | " iAot L+ T diee (25)
keA Y

Since each term of the form 75, in the integrals in the second series on the
rhs of (25) has the same structure as the starting one /,, we can apply
to them the same procedure (19)-(25) starting from the point ke 4,
respectively.

By iteration of the above steps we generate our upper expansion. The
control over our upper expansion gives us the following facts:

1. In each step we get a small factor 2

2. The number of terms grows only exponentially, since each factor
I, produces a constant number of terms of the same structure.

3. Due to condition (C), we get summable factors |i — k| 2

4. If we expand in the direction of internal line J,,., k, k' € A, which
was interpolated in the preceding step, we get multiple integrals
with respect to s,,.. The 2n of such multiple integrals produces the
factor [(2n)!]~", which cancels the corresponding (2n)! factor
coming from EJZ?. [by our (%ii}].

See Refs. 1 and 2 for details.

In general, if E is nonsymmetric, we always expand the first time with
respect to a J,. as above, but the next time (in the same direction) we
expand only to the first order and use, analogously to (24), the inequality

105t 4l S C'ULg+ T pay + 1 pay) (26)

with a numerical constant C’ > 0.
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By resummation of our upper expansion, if 0<f<f,, for f,>0
sufficiently small, we get the bound

E(#iUA_#AUA)ZSCZ z |i“j|_2ad

ieAd jeA

<ClA] d(4, o4y~ 1M (27)

with a constant C >0 independent of A. This ends the proof of weak
uniqueness.

To prove the existence of infinite-volume measures, we consider the
quantities E(y,,0,,—pi,06,) with Ae F, A cA,, A,, A,€ F,.

Proceeding analogously as in the proof of weak uniqueness, first we
estimate the influence of spins in 4,\4, on the spins in 4 due to the direct
interaction through the couplings J;, i€ A4, je A,\4,. Then we consider the
indirect dependence due to interaction with other spins in A, that are
connected with external (to 4,) spins.

The resummation of the upper expansion gives the following bound:

E(py,04~ 14, 04)* < ClA| d(4, 04,) >~ (28)

with C> 0 independent of A4,, 4,, if 0 < f < B, for sufficiently small f,> 0.
The estimation (28) implies the existence of limits

py=hmp,, (29)
Fo

for some subsequence % of bounded sets and E-a.a. J. Now we want to
verify that u, are Gibbs measures for &,. First we note that for any ie I}

Eu,(Z J,-jaj>2<oo (30)

el
J#Ei

which easily follows with the use of (Cii) from

|EJ ;] 1,450 5,0,]

J17J2

1 1
p? L ds, L dsg, EJ3 T35, 0y, 05,(1s0,,0,,)"
< 20B°ET L. Ji#F (31)
[Here Taylor expansion with remainder and (Ci) have been used.]

From (30) we see that the measures {u%,} . » are well defined u,-a.e. (for
E-aa. J).
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We now show
Myl 04 =Ws0 4, VAeF (32)

Le., U, €9(8)).
From (30) for any ¢ >0 there is 4, € %,, 4 < A, such that

Ep(0 4~ o 1) < (33)

where 6, = {(¢ ,,),=6,if ie 4, and 0 otherwise }, and we have omitted the
indices J.

By definition of yu,, it is enough to show that for sufficiently large
A, eFy, A, = A,, one has

E(ip510, — 1,0.4)° <é (34)

Since [with 6(s)=56,,+ (1 —5)d ]

E(p q,u510 4 — quaA)z

< Epg(plho — o, )2

vood o
= Eu,, (L dsd_s (NZ(S)GAV)

. ~ 2
= Eu,, <J0 ds po® (O’A, Yooy a,-J,»jaj>>

ied je ANA

2
<y EM( Y Jv.&j)

ied jeANAL

< C2M Al d(A, 64,)~ B2 1 (35)

by the same arguments as in the proof of (30), so we get {34). This ends the
proof of (32). Note that we used here the fact that {u,,} ,. 5, converges
and the limit p, is twice (jointly) differentiable with respect to the couplings
Jy (i, jeI), but the assumption 0 < f < By with >0 sufficiently small is
not used.

Extremality. In order to show that u,e 0%(&,), E-a.c., it is sufficient
to prove that
1{/[;1 Eu(p504~pg0,4)° =0 (36)

for any A€ #. For this we use a slightly more complicated, but analogous
as in the proof of weak uniqueness, upper expansion. The complications
come from the fact that now y is J-dependent.
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Let ie A. By successive Taylor expansion with remainder with respect

to J,, je A€, we get

ijs
Eu(u%04— a0 4)
= Epl = Epll (K 4]

+p Z E[Jij:u(aijIA(Kij))]

je A

1 Sij
Y E[Jgjﬂ L ds,.jjo ds;.,a;IA(fg,,.)] (37)

jeAc

where K;= {s,=0, IS j}, 6;={s4,1<J;s;}. Now the second sum does
not vanish, since u depends on J. We have from (Ci)

IBEJI'j:u[aijIA(Kij)]'

1
PER fo ds (8 10) 5, [6U-IA(Kij)]‘
< 32B°ET; (38)
Hence both series on the rhs of (37) are bounded by

C, Y li—jl 2 ~o(d(4,04)"%* V%, with C,>0

je A

independent of A.
To estimate the first term on the rhs of (37), we make the expansion
step with respect to the couplings in 4. We have

Eud ((K;4e) = Epd ((K;p) + B Z EJy (041 4(Ky))

ked
k#1
> 1 Sik
+B° Y BT | dsy [ dsi @ I(%)  (39)
ked 0 0
k#1

with
Ki=K 00 {5,=0,I<k}
(gikEKiA”U {Silzoa l<k: S;’k}

The first term on the rhs of (39) vanishes if y, is symmetric. (Otherwise it
depends on expectations of o ,.; and should be expanded further. Then we
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have some induction in volume of 4.} To estimate the first series from the
rhs of (39) we note that

VBEJ 4 1(0 5 1 4(Kyi))]

1
BT | dsalOums)0ul(Ki))

1
< WPET | ds o, 10k LK) (40)
Then, using the inequalities (24) and (26), we get the estimate

1
By S2-C 8 BT | [ dsi (1K)

ked
kst

+ Lio iy (Ke) + 1 (K))

1 Sik
| s [ dshn (1%
0 0

+1Au(ik}((gik)+]{i,k}((gik)>:’ (41)

Hence we get our main inequality,

Epl (<Cy Y i—jl 7?4+ rhs of (41) (42)
jeda

Since the second term contains factors of the form 7 of the same structure
as the starting one /,, we can apply to them the same procedure (starting
from the point k, respectively). In this manner, we generate an adequate
upper expansion. The principle of control of this expansion is the same as
in the case of the proof of weak uniqueness. However, now we require f, to
be smaller because in each step we generate twice as many terms. After
resummation of our upper expansion we get the bound

Ep(p%o4—1,04)° < C Al d(4, 04)" 1M (43)

which ends the proof of extremality.

Remarks. Note that in the case of the Ising spin glass, since 6?=1,
we can make several simplifications in the organization of the full upper
expansion; see Refs. 1 and 2.

Let us stress that in our proofs we have not used the translation
invariance of E, but only the condition (C).
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As a simple consequence of Proposition 1, we have the following
result:

Corollary 1. For any 4 ¢ % and any bounded measurable function
Fon (2, 2) we have

E(u(o.4, F)P < C|FI%, |4l d(4, F)=% 4 (44)

Proof. let Ae#, Ac A, be the largest set such that Fe X ,.. Then
we have

E(u(o 4, F))* = E(u((150 4 — 140 4), F))?
<4 |\F| % Eu(uso 4— 1140 4)° (45)

Hence, using Proposition 1, we get (44).
In Refs. 1 and 2 we have proven (for Ising and N-vector spin glasses) a
more precise result for clustering, namely:

Proposition 2 (Clustering). Let E satisfy (C) with «>4 and
0 < p < f, with B,>0 sufficiently small. Then for any bounded set A<= I”
and any bounded function Fe Xy, B=supp FcI'\A4,

E(u(o 4, F)’<SC|FI%, Y |i—jl17 (46)
Jes
with a constant C >0 independent of B and any monomial ¢, in spin
components o™, i€ A.

Sketch of the Proof. In order to give an idea of the proof, let us
observe that there is a hierarchy of correlations between spins in the sets 4
and B. First, there is the direct interaction between spins in both regions. If
we remove this direct interaction, the spins in 4 and B are still correlated,
since they interact directly with other spins o,,, k; ¢ A U B. After removing
the direct interaction of a spin o, k, ¢ A U B, with those in B, the spins in
A and B still can be correlated. This holds if there are other spins
6,8 AU BuU {k,} that interact directly with ¢,, and spins from B. And so
on....

For simplicity of notation let us consider only an Ising spin glass with
uo and E symmetric; for the general case see Ref. 2.

Let us take ie A. We first estimate the correlations of o, with spins in
B due to direct interactions. By successive Taylor expansion with remain-
der we have

1 i
El,;=El, )(Kp)+ B Y EP fo ds, L’ dsy 331, 5(€,) 47)

[}
jeB
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where

Iyp=mo,, F)?
KiBE {Sl-j:()a VJGB}
(gijE {Sﬂ:O, l<.]9s;j}

The second term on the rhs of (47) is estimated by

allF|3, Y li—jl =
jeB
[from (Cii)].
To analyze the second-order correlations (for o,), we expand
successively the first term on the rhs of (47):

El, p(K;5)= EIA\{i},B(Kir)(NOUi)z

1 Sik
B Y ER ds | dsi @) (48)
ke M\Bu {i} Y 0
The first term on the rhs of the above equality vanishes if u, is symmetric
(otherwise it should be expanded further analogously). To continue our

upper expansion, we use the following (algebraic) inequality:

|a}?'k1A,B| <C(IA,B+IAU{i,k),B+[{i,k},B) (49)

with a numerical constant C > 0.
From (47)-(49) we get the inequality

El,z<a|F|3 Y li—jl

jeB

i Sik
+Cp? ) EJ?/(J dsikj dsig Ly + 140 (iky5
kel\Bu {i} 0 0

L iiky,8) () (50)

which can be used for the generation of the upper expansion in the
considered case. The control over this expansion is based on analogous
facts as previously. The resummation of our upper expansion gives (46).
Note also that if B,> 0, is sufficiently small, we can use (49) to generate a
series that gives the estimation of the decay of correlations from below (see
Ref. 2).

The above-described upper expansion method also can be applied to
the investigation of nonrandom systems. Then in general we make the
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Taylor expansion of (u%o,—u,0,)* or u(c,,cz)* with respect to the
couplings J; only to the first order. In particular this gives for J,~
li—j| ~*, a>1, the decay of correlations (s 4, ) ~d(A, B)~*¥* (for any
bounded sets A, B<TI').

However, in some special cases, when additional information is
available (e.g., due to correlation inequalities), we can apply our upper
expansion directly to pu(o,, og). Then we get the decay of correlations
exactly as the decay of interaction. Actually we know how to get this
result by our method in the general case of nonrandom spin system (with a
bounded single spin space).

As an example we give in Appendix C a simple proof of this fact for
ferromagnets at high temperatures.

APPENDIX A

It is sufficient to consider as a free measure u, a symmetric product
probability measure on (£, 2). Let us take E to be symmetric (for the
general case one can use an analogous method).

Proposition A.1. If
EJ;=0, Vi, jel (A.1a)
|EJPI <y"m!|i—jl=™¢  for m<4, a>1y>0 (A.1b)
then
li;n pa,=p=limEp, ; E—ae. (A.2)
We need the following lemma:
Lemma A.1. If (A.1a) and (A.1b) hold with m < 2n for ne N, then
E(pJ)"<C,
with C, > 0 independent of A.
Proof. From our assumptions about u, we have for any J
pa(J) 20 (A.3)

Let us first consider the case n=1. By successive Taylor expansion with
remainder, using the mean-zero condition, we get

1 Sij
Ep, ()= Y BE |:ij fo ds, fo ds'y 82 p 4(J) /W] (A4)
(hj)=A
where
(gijE {Skl: 05 (kl) < (la ])9 s;;}

(with a lexicographic order < in the space of bonds).
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Since
107 p AN =14]"Y pylo,-0;,0,-0)| <2 ]4] ! (A.5)

so by our condition (A.1b) with m <2 we get

Ep(N)<2B%* Y li—jl <0 (A.6)
For general ne N we make the expansion as in (A.4) and then use the
bound

102 4| = n(n—1) pi= 20y p4) +np"y 1 02 p |

(A7)
<n(n—1) 4] 72 pl =2 +2n (4] py!
to get
1 Sij
Epi<f Y B[ ds, | dsylnn—1)14] 2 py2
(h)ed 0 0
+2n 1A|1pﬁ1]%} (A8)
By n applications of this procedure we get the bound
n —1
Ep% <p>2'ml|A] 7" )ILEEDY [ I1 (2'1/()!}
Unj)s - <lnjpeda bk=1
XETL e T 4041 (A.9)

where {n,,..,n,} are the numbers of couplings with the same indices and
the factor [[7_, (2n,)!] " comes from multiple integrals. From (A.9) we
get

Ep, <27 1By n] < 2 il 2“">n +o(l4]7") (A.10)
S
This ends the proof of lemma.
Let
A, = {|i|<2%1=1,.,d} for neN

Let

gni=p(A,) =277 % p(4l_)) (A.11)
{=1,.,24

822/47/5-6-21



926 Zegarlinski

where p(A4)= p,, and the union of disjoint cubes A/ _, (/=1,..., 29) of side
2"~ 1is equal to 4,,.
By Jensen’s inequality we see that g, > 0.

Lemma A.2. If (A.1a) and (A.1b) hold with m <2, then
Eg,< 22— 1d VreN (A.12)

with C > 0 independent of n.

Proof. Applying the successive Taylor expansion with remainder
with respect to the couplings J,, ie AL |, je AX |, with [k, we get

[/ n—1>

1 Sij
0<Eg,=f Y  EU| ds] ds;ja;g,,/%) (A.13)
ieA},fl,jeAk, 0 0

I kilk=1,.24

Since
1028, <2|4,] 7! (A.14)

so we have
Eg, <2B%7 4,171 Y li—jl 7 (A.15)

where the summation goes over all (4, j) as in (A.13). The sum on the rhs of
(A.15) is of order C-2%diam A,_,)**'~* with 1>« >4, and so from
(A.15) the lemma follows.

From Lemma A.2 it easily follows that

p=lm Ep,, (A.16)

n— o

exists. Since now

E\psm—Eps|<2Eg,+E ’2" Y p(AL_y)

—E277 ) p4,_y) (A17)
I=1,.,29
and by iteration
k(n)
ElpAn_EpAn! <2 Z Egn7k+E |Sk(n)—‘ESk(n)| (Alg)

k=0
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with
Sk(n)zzuk(n)d Z p(A£1~k(n)) (A.19)

s0, taking k(n) - o« as n - o0 and using (A.12), Lemma A.1, and the law
of large numbers, we see that

im E|p,,—Ep,,| =0 (A.20)

This, together with (A.16), ends the proof of Proposition A.1 for the
sequence = {4, },.y- The generalization to any Fisher sequence can be
done as in Ref. 3.

Remark. Note that under the conditions (A.la), (A.l1b) one can
prove the existence of (random) infinite-volume pressure (independent of
boundary conditions, but it may be dependent on a sequence %) without
the assumption about the translational invariance of E.

APPENDIX B

Lemma B.1. If E satisfies (C) with >4, then for any set J of
E-measure 1 and any probability measure g on (€2, 2') such that for any
i,kel

2
VJeld (Z J,-juaj> < o0 (B.1)
jel
(o, o)l SCLL+i—k|]™, 21 —a)<4 (B.2)
we have
2
VJel <Z Jijcrj> < oo, u-a.e. (B.3)
jerl”

Remark. In particular, if ug,=const, (B.1) holds on a set of
E-measure 1.

Proof. Let J be a set of such couplings J that for any ie I" and any
1> >0 there is a constant C;= Cy(i, J) >0 with the property

Viel |/l < Cs li—j| %M (B4)
and

(z J,,.>2< © (B.5)

jerl’
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Then from (C) we have
E(J)=1 (B.6)

Let (i, r) = {j: |i— jl <r}; then

2
”( > Jif0j>: Y. JyJyuloy, ap)

je A (i,r) LJ e (ir)
2
+( T ) (B.7)
Jje A (iLr)
From (B.4) and (B.2) we have
Y, Jylyulo ;)
JJ e A Gr)
SC Y im0 A+ i) 7 (BS)
Lierl
Since
Yo li= e A+ =)
J#EL
= Z (--)+ Z ()
li—J > i~ J| i—jl<lj— 7
< Cl ‘l—]|£d|: Z |j‘_]~/|~(a+&7576)d+ Z |l-_j/|—(ac+&—5—e)d:|
J#J i
< Cyli—j1=* (B.9)
if
(a+d—0—e)>1 (B.10a)

then the rhs of (B.8) can be estimated by

C3 Z |l""‘j|7(a+87§)d
J#i
which is finite if
(x+e—98)>1 (B.10b)

From (B.10a), (B.10b) we get
&>2(1—a) (B.11)

(since 6 >0 can be taken arbitrarily small).
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APPENDIX C

We have
H= =Y J,00; (C.1)

i
with ¢,= +1, ie '=Z“, and

Jy=li—jl ™, a>1 (C.2)
for all i, je I, i# j. We define

toale 7 0)

:uA() L= 5&20 ‘uOA(e—/jH)

(C.3)

with a symmetric free measure .
Proposition C.1. If 0 < < g, for a sufficiently small g, >0, then
/l(o'io'j)zo(“"ﬂ_m) (C4)

Proof. We have

1
Kp0;0;,=H, 00k, + ﬂ li — J o L dsij ai/‘(tu/l Jiaj)/‘é’,y (C'S)

The second term is of the form of a bounded, nonnegative function times

li— j| ~*. Hence, we need only to consider the first term. (This term is non-

negative, from GKS, so we have automatically the bound from below.)
We have

1

Ha0i0yk,= > B |l‘_k|‘mdf0 dsy 03(140,0,) 1, (C.6)
ked
ki

where €, = {5,=0, [ <k; s, }. (We take j as the first element with respect to
a partial order <.)
Since from the GKS inequalities

SOuhs0;0;=110,0;— U, 00044004

(C.7)
S
SO
. d 1
ﬂAaio'j/K,,<ﬂ Z li—k| fo dsik#AO'kO'j/fg,-k (C38)
ked

kij



930 Zegarlinski

From (C.5) and (C.8) we get

1
HAUiO'jgﬁU_]’r“d"‘ﬁ z |i_k|7de~0 dsy 14040 ¢, (C9)
keda
k#1,j

Using this inequality, we can generate the adequate upper expansion. The
resummation of this expansion with the use of

Y o li—kl " lk—jlm b li— 7 for i#j  (C.10)

ke#ij

for a constant 5 >0, gives us the bound
1a0i0; <P(1—Bb)~" i)l (C.11)

ifO<B<pByfor0<By<b L.
This ends the proof.

Analogous method works if an external magnetic fields is included.
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